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Abstract
A simple derivation of the distributions of the equivalent electroweak vector bosons in leptons and
quarks is presented. The applicability of the equivalent vector boson approximation at relatively
low energies close to theW and Z boson thresholds is demonstrated. It is shown that the threshold
correction to the distribution functions emerges naturally in the theory. Implications of the results
for processes with the emission of the gauge bosons are discussed.
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I. INTRODUCTION
The quark–parton model (QPM) [1] is an effective tool for description of deep inelastic
lepton–hadron and hadron–hadron collisions and widely used in modern particle physics.
The QPM represents the observed cross section as a sum of lepton–quark, quark–quark,
gluon–quark or gluon–gluon subprocess cross sections by introducing parton distribution
functions which parametrize the probability densities of finding quarks or gluons in a hadron
with a given fraction of the parent hadron momentum. Along with the quantitative success,
the QPM provides a relatively simple and intuitively conceivable view of interactions in such
a way that it becomes possible to study various static and dynamical properties of particles
unavailable in free states (as quarks and gluons).
One can extend the notion of the parton distributions and introduce similar functions
for the photon and charged leptons [2]. It is well known that at some conditions an elec-
trically charged particle can be replaced by a flux of equivalent photons interacting with
the target (the Weizsa¨cker–Williams approximation). For example, knowing the momen-
tum distribution of the equivalent photons in the electron allows us to probe two photon
processes at electron–positron colliders [3–5] though we do not have real photons in the
initial state. The electron acts as an effective photon. Conversely, the photon is also able
to manifest itself in interactions as a charged lepton or quark and this can be parametrized
by the corresponding lepton (quark) densities in the photon [6, 7]. The latter property may
have interspersing implications for studies of lepton–lepton processes because it provides
an effective beam of unstable muons and tau leptons that are a challenge to accelerate in
ordinary experiments [8, 9].
The discovery of the massive electroweak vector bosons [10–13] stimulated developing
an analog of the equivalent photon approximation for W and Z [14–16]. Treating these
bosons as equivalent particles can simplify calculations for processes probing the non-abelian
gauge symmetry and the Higgs sector of the Standard Model through WW , ZZ and WZ
scattering at e+e− and pp colliders [17]. A certain amount of investigation has been devoted
to the validity of the equivalent electroweak vector boson approximation (EVBA) [18–22],
its improvements [23–27] and applications for calculating electroweak and QCD corrections
to boson scattering [28, 29].
In this article we focus on a class of reactions with the on-shell bosons in the final state
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that incorporate the equivalent particle approximation. An analysis of these reactions allows
us to define the equivalent boson distributions in leptons/quarks not only at high energies
but also close to the boson production thresholds,
√
s & mW,Z . This also leads to noticeable
conclusions about the production mechanisms of the final state particles.
The article is organized as follows. In Section II we remind the main properties of the
equivalent photon and electron densities in charged particles and in the photon, respectively.
We also give general expressions of the cross sections for resonance production processes
accompanied by initial state radiation calculated within the EPA. In Section III we compare
straightforward calculations of the cross sections with the EPA approach. Section IV is
devoted to the derivation of the equivalent W and Z boson distributions. Section V contains
the conclusions.
II. GENERAL DISCUSSION
In the equivalent photon approximation (EPA) the probability density of finding a photon
inside an electron with fraction x of the parent electron momentum can be written as [30]
fγ/e(x,Q
2) =
α
2pi
[
1 + (1− x)2
x
ln
(
Q2max
Q2
min
)
+O(1)
]
, (1)
where α = e2/(4pi) is the fine structure constant, Q2min and Q
2
max are the minimum and
maximum of the magnitude of the four-momentum transfer in the given process. The non-
logarithmic term is, in general, also a function of x and Q2. On the other hand, in the
massless limit the outgoing electron carries the fraction y = 1 − x of its initial momentum
so that the probability density of finding an electron in an electron after the emission of the
photon becomes
fe/e(y,Q
2) =
α
2pi
[
1 + y2
1− y ln
(
Q2max
Q2
min
)
+O(1)
]
. (2)
Equations (1) and (2) turn into each other under the exchange y ↔ 1 − x as it should be
due to the energy-momentum conservation. Since the photon is able to convert into an e+e−
pair, one can introduce a similar distribution for electrons/positrons inside the photon as
well [6, 7]:
3
fe/γ(y,Q
2) =
α
2pi
[[
y2 + (1− y)2] ln(Q2max
Q2
min
)
+O(1)
]
. (3)
A detailed discussion of these functions can be found in [2].
As an example of the application of the EPA, let us consider the production of an electri-
cally neutral narrow resonance R of massmR in the s-channel electron–positron annihilation,
e+e− → R, at the center-of-mass (cms) energy √s. Assume that the production is accom-
panied by the initial state radiation, e+e− → γR (see Fig. 1). Then the corresponding total
cross section reads
σγR(s) = 2
1−τ∫
0
fγ/e(x,Q
2)σˆ((1− x)s)dx = 2
1∫
τ
fe/e(y,Q
2)σˆ(ys)dy, (4)
where τ = m2R/s, σˆ(s) is the cross section for the subprocess e
+e− → R. The factor 2
appears because the distributions for the electrons and positrons are equal. If the narrow
width approximation is applicable to the resonance, then the subprocess cross section can
be replaced by the delta function σˆ(ys) = aδ(y − τ)/s and (4) leads to
σγR(s) =
2a
s
fe/e(τ, Q
2). (5)
Explicitly a = 4pi2(2J + 1)Γee/mR with J and Γee being the spin of the resonance and
the R → e+e− decay width, respectively [31]. There is another possibility of the resonance
excitation, in γe+ → e+R, when the photon serves as a source of electrons through γ → e+e−
splitting as shown in Fig. 2. The cross section for this case is
σeR(s) =
a
s
fe/γ(τ, Q
2). (6)
For γe− → e−R one obviously will have the same formula. It should be noted that the
photon splitting mechanism is initiated not only by the incident electrically charged leptons
but by neutrinos as well [32, 33].
From (5) and (6) we see that a narrow resonance projects out the given distribution
function in the total cross section [2]. In other words, one can expect that measuring or
calculating the cross section of such a process one simultaneously determines the distribution
function up to a known constant factor and vice versa.
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III. INELASTIC COMPTON SCATTERING
Considering the mechanisms of the resonance production discussed above one may ask
about the completeness of such an approach. There may be additional diagrams of the same
order that should be also taken into account. In this section we present a class of reactions
which intrinsically contain the EPA. Straightforward calculations of the cross sections for
these reactions using the standard electroweak Lagrangian are reproduced by the EPA with
a remarkable precision.
The first reaction is the inelastic Compton scattering γe− → e−f [34], where f denotes
a final state of non-zero mass. To be specific we take the massive neutral boson of the
electroweak theory as f :
γe− → e−Z. (7)
The lowest-order Feynman diagrams contributing to this process are shown in Fig. 3. In the
limit of vanishing electron mass the Feynman rules with the standard electron–boson vertex
eu¯eγ
µ(gV −gAγ5)ue/ sin 2θW yield the following square of the amplitude averaged over initial
and summed over final spins:
|M |2eZ(s, t, u) = −
32pi2α2
sin2 2θW
(g2V + g
2
A)
[
u
s
+
s
u
+
2m2Zt
su
]
, (8)
where θW is the weak mixing angle, gV = −1/2 + 2 sin2 θW and gA = −1/2 are the vector
and axial-vector couplings of the Z boson to the electron, t = −Q2 and u = m2Z − s− t are
the Mandelstam variables. Hence the total cross section for (7) is
σeZ(s) = 6pi
αΓee
mZs
[[
τ 2 + (1− τ)2] ln(Q2max
Q2
min
)
+ h(Q2)
]
. (9)
Here τ = m2Z/s, h(Q
2) = (Q2max −Q2min) (4m2Z +Q2max +Q2min) /(2s2) and we have used the
Z → e+e− decay width Γee = α(g2V + g2A)mZ/(3 sin2 2θW ). Compare (9) with the result
of [35]. As Q2max ≤ s − m2Z , the non-logarithmic part in the square brackets is bounded:
0 ≤ h(Q2) ≤ 1/2. It turns out that the cross section (9) coincides with (6) and we therefore
conclude that the reaction γe− → e−Z proceeds through the resonant annihilation of the
equivalent positrons from the incident photon splitting. A similar conclusion applies, of
course, to the CP conjugate process γe+ → e+Z.
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The next example is bremsstrahlung in e+e− → γf [34]. Again we consider the particular
case f = Z:
e+e− → γZ, (10)
which is related to γe− → e−Z by crossing symmetry. The relevant Feynman diagrams are
shown in Fig. 4. One can simply derive the amplitude squared for (10) by exchanging s↔ t
in (8):
|M |2γZ(s, t, u) =
32pi2α2
sin2 2θW
(g2V + g
2
A)
[
u
t
+
t
u
+
2m2Zs
tu
]
. (11)
The overall factor −1 disappears because one fermion is crossed. See also [36, 37]. The
corresponding cross section reads
σγZ(s) = 12pi
αΓee
mZs
[
1 + τ 2
1− τ ln
(
Q2max
Q2
min
)
− 1
s
(
Q2max −Q2min
)]
. (12)
Analyzing (12) we notice an excellent agreement with (5). This allows us to interpret
the reaction e+e− → γZ as a process proceeding through the resonant annihilation of the
equivalent electrons/positrons into the Z boson as well.
A visual analysis of the cross section as a function of the cms energy provides a relevant
complement to our studies. Figure 5 shows the radiative tail in the cross section which
appears owing to initial state radiation. Even if the incident total energy of the electron–
positron pair is above mZ , the radiated photon carries away the ”extra” energy and returns
thus the collision energy to the resonance pole [38]. Formally this is represented by the first
integral in (4). This mechanism stretches the tail to the right of the resonance position
clearly observed in e+e− → γZ.
It should be emphasized that the presence of both diagrams in the amplitudes are required
to ensure the reproduction of the EPA mechanisms in the cross sections. Had we neglected
any of the diagrams, the resulting cross sections would have been significantly deviating
form (9) and (12).
IV. MASSIVE BOSON RADIATION
The discussion above has shown that the exact cross sections for the inelastic Compton
scattering and bremsstrahlung when there is a resonance in the final state are in agreement
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with simple EPA calculations. Already the narrow width approximation gives a noticeable
precision. It is interesting to analyze a process similar to e+e− → γZ but with an additional
massive boson instead of the final photon:
e+e− → ZZ. (13)
Being inspired by the application of the EPA to e+e− → γZ we may hope that the EVBA
will be successful for (13) as well.
As before, we begin with the straightforward calculations in the framework of the elec-
troweak theory. The corresponding Feynman diagrams depicted in Fig. 6 lead to the follow-
ing amplitude squared [39]:
|M |2ZZ(s, t, u) =
32pi2α2
sin4 2θW
(
g4V + g
4
A + 6g
2
V g
2
A
) [u
t
+
t
u
+
4m2Zs
tu
−m4Z
(
1
t2
+
1
u2
)]
(14)
so that the total cross section can be presented in the form
σZZ(s) = 12pi
αΓee
mZs
(g2V + g
2
A)
sin2 2θW
(
1 +
4g2V g
2
A
(g2V + g
2
A)
2
)[
1 + 4τ 2
1− 2τ ln
(
Q2max
Q2
min
)
− 1
s
(
Q2max −Q2min
)]
.
(15)
An indirect hint in favor of the assumption that the initial state radiation mechanism takes
place in e+e− → ZZ is a feature of its cross section resembling a radiative tail (see Fig. 7).
If (15) is the projection of the distribution function of the equivalent electrons in the electron
after the Z boson radiation, then, in the limit of vanishing boson mass, σZZ(s) should be
reduced to σγZ(s). However the possibility of the reduction is not obvious from (15) and
requires some explanation. Analyze the logarithmic term. In the numerator τ 2 is multiplied
by 4 while in the denominator we have factor −2 in front of τ . These factors have the same
origin: now the energy of the equivalent electron is bounded from above in the sense that
the latter cannot carry all the energy of the parent electron. The emitted Z boson is massive
and will always take away the fraction ≥ m2Z/s of the incident energy so that instead of y
we get y + m2Z/s everywhere in the distribution function. Explicitly this threshold effect
emerges in (15) through
1 + 4τ 2
1− 2τ =
1 + (τ +m2Z/s)
2
1− (τ +m2Z/s)
=
1∫
τ
1 + (y +m2Z/s)
2
1− (y +m2Z/s)
δ(y − τ)dy. (16)
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Recall that in the narrow width approximation the cross section for the resonant subprocess
e+e− → Z is proportional to the delta function δ(y − τ). Now one can set the highlighted
Z boson mass in the logarithmic term equal to zero and thus reduce (15) exactly to (12).
Let us also explain the physical meaning of the factor 1 + 4g2V g
2
A/(g
2
V + g
2
A)
2 in (15). This
emerges because the equivalent electrons (positrons) get polarized in the Z boson radiation
process. In contrast to the photon, the Z boson couples with different strengths to the left
and right-handed electrons that leads to the polarization Pe = −2gV gA/(g2V + g2A) of the
outgoing equivalent electrons. The cross section for electron–positron annihilation at the
Z-pole, when the incident electron beam has polarization Pe, reads σ = (1− PeAe)σ0 [40].
Here σ0 is the unpolarized cross section, Ae = 2gV gA/(g2V +g2A) is the asymmetry. Therefore,
in the presence of the polarization, (5) becomes
σ(s) =
2a
s
(1−PeAe)fe/e(τ, Q2). (17)
Relying on (16) and comparing (15) with (17) we extract the distribution function for the
equivalent electrons from (15)
fTe/e(y,Q
2) =
α
2pi
(g2V + g
2
A)
sin2 2θW
[
1 + (y +m2Z/s)
2
1− y −m2Z/s
ln
(
Q2max
Q2
min
)
− 1
s
(
Q2max −Q2min
)]
, (18)
where 0 ≤ y ≤ 1 − m2Z/s. This is graphically represented in Fig. 8. Note that only the
equivalent transverse Z bosons come into play in the presented example. From (18), it
follows immediately that their distribution in the electron is
fTZ/e(x,Q
2) =
α
2pi
(g2V + g
2
A)
sin2 2θW
[
1 + (1− x+m2Z/s)2
x−m2Z/s
ln
(
Q2max
Q2
min
)
− 1
s
(
Q2max −Q2min
)]
, (19)
where m2Z/s ≤ x ≤ 1. Asymptotically (s→∞) this agrees with the original result of [15, 16]
and coincides with (1) in the massless limit at g2V / sin
2 2θW = 1, g
2
A = 0 as it should be. The
Z boson distributions inside the other leptons or quarks are also given by (19) provided the
quark mass mq ≪ mZ . In general, one should take gV = T 3f − 2Qf sin2 θW and gA = T 3f ,
where standardly T 3f and Qf are the third component of the weak isospin and the electric
charge of fermion f , respectively. Obviously, the distribution of the equivalent transverse
W± bosons in the fermion will have the same form:
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fTW/f (x,Q
2) =
α
8pi sin2 θW
[
1 + (1− x+m2W/s)2
x−m2W/s
ln
(
Q2max
Q2
min
)
− 1
s
(
Q2max −Q2min
)]
, (20)
where we have used that for W±, gV = gA = e/(2
√
2 sin θW ).
The necessity of the threshold correction to the distribution function of the Z bosons as
an extension of (1) is intuitively comprehensible and the ratio m2Z/s could be inserted in (1)
”by hands” [41] but appears naturally in the theory. It is therefore reasonable to assume
that the same is also valid for the distributions of the equivalent longitudinal Z and W±.
Since the asymptotic behavior of the distribution of the longitudinally polarized Z bosons
is [15, 16]
lim
s→∞
fLZ/f(x) =
α
pi
(g2V + g
2
A)
sin2 2θW
1− x
x
, (21)
for all energies
√
s ≥ mZ we obtain
fLZ/f (x) =
α
pi
(g2V + g
2
A)
sin2 2θW
1− x+m2Z/s
x−m2Z/s
(22)
and, in analogy, for the longitudinal W± bosons
fLW/f(x) =
α
4pi sin2 θW
1− x+m2W/s
x−m2W/s
. (23)
Thus, we have demonstrated that the reaction e+e− → ZZ can be interpreted as proceed-
ing through initial state Z boson radiation. This allows us to define the EVBA at relatively
low energies comparable to the the masses of the bosons. The derived EVBA distribution
functions have the poles 1/(x−m2W,Z/s) and predict that the leptons/quarks will preferably
radiate equivalent bosons which are at rest (x = m2W,Z/s means that the boson is at rest).
V. CONCLUSIONS
The equivalent massive vector boson approximation is usually applied to processes pro-
ceeding at such energies that allow one to neglect the boson masses (
√
s ≫ mW,Z). In this
article we have shown that this approximation can be selfconsistently extended to relatively
lower energies comparable to the masses of the bosons,
√
s & mW,Z . In the analysis we have
used a class of reactions described by simple Feynman diagrams that intrinsically contain
9
the equivalent particle approximation. We have derived the distributions of the equivalent
W and Z bosons in leptons and quarks which take into account the energy thresholds of
the boson production. The threshold correction to the distribution functions emerges nat-
urally in the electroweak theory. In particular, our results lead to a noticeable conclusion
about the mechanism of the reaction e+e− → ZZ. The latter proceeds through the initial
state Z boson radiation in analogy with the well known initial state photon radiation in
electron–positron annihilation into a resonance. Various implications of the initial state
massive boson radiation for accelerator searches for physics beyond the Standard Model is
discussed, e.g., in [42].
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FIG. 1. The initial state radiation mechanism for the production of a resonance R in e+e− → γR.
The convolution of the equivalent electron density in the electron after the photon radiation with
the cross section for the resonant subprocess e+e− → R is symbolically represented by ⊗. The
equivalent electron is tagged by an asterisk.
e+ Re+ =
e−*
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FIG. 2. The photon splitting mechanism for the production of a resonance R in γe+ → e+R. The
convolution of the equivalent electron density in the photon with the cross section for the resonant
subprocess e+e− → R is symbolically represented by ⊗. The equivalent electron is tagged by an
asterisk.
ZZ
e− e− e− e−
FIG. 3. The lowest-order Feynman diagrams that contribute to the inelastic Compton scattering
γe− → e−Z.
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FIG. 4. The lowest-order Feynman diagrams that contribute to e+e− → γZ.
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FIG. 5. The total cross section for e+e− → γZ as a function of the center-of-mass energy. The
radiative tail due to initial state γ radiation is indicated by arrows.
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FIG. 6. The lowest-order Feynman diagrams that contribute to e+e− → ZZ.
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FIG. 7. The total cross section for e+e− → ZZ as a function of the center-of-mass energy. The
radiative tail due to initial state Z boson radiation is indicated by arrows.
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FIG. 8. Straightforward calculations of the cross section for e+e− → ZZ (the Feynman diagrams
on the left hand side) give the same result as the initial sate Z boson radiation mechanism (the
right-hand side). The sign ⊗ represents the convolution of the equivalent electron density in the
electron after the Z boson radiation with the cross section for the resonant subprocess e+e− → Z.
The equivalent electron is tagged by an asterisk, Pe and Ae are the polarization of the equivalent
electron and the asymmetry, respectively.
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